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With classical theorems of variational calculus, many existence theorems
of periodic solutions of non-autonomous second order systems are proved
 w x.see 1]5 . In this paper, we obtain a existence theorem which generalizes
w xthe results in 1, 2 .
Consider the second order system
w xu t s =F t , u t a.e. on 0, T 1 .  .  . .È
u 0 y u T s u 0 y u T s 0, 2 .  .  .  .  .Ç Ç
w x Nwhere T ) 0, F: 0, T = R ª R satisfies the following assumption
 .  . NA F t, x is measurable in t for all x g R and continuously
w x  q q.differentiable in x for a.e. t g 0, T and there exist a g C R , R ,
1 q.b g L 0, T , R such that
< < < < < < <F t , x F a x b t ,N =F t , x F a x b t .  .  .  .  .  .
N w xfor all x g R and a.e. t g 0, T .
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The corresponding function w on H 1 defined byT
T 2< <w u s 1r2 u t q F t , u t dt .  .  .  . .ÇH
0
 w x.is continuously differentiable and weakly lower semi-continuous see 1 .
THEOREM. Assume that F s F q F , F and F satisfy the assumption1 2 1 2
 .A and
< <F t , x ª q` as x ª ` .1
w x 1 q.uniformly for a.e. t g 0, T , and there exist C g R and g g L 0, T ; R0
such that
< <=F t , x F g t .  .2
N w xfor all x g R and a.e. t g 0, T , and
T
F t , x dt G C .H 2 0
0
N  .  .for all x g R . Then problem 1 , 2 has at least one solution which
minimizes w on H 1.T
The proof of the theorem requires the following preliminary result.
 .LEMMA. Assume that F satisfies the assumption A and
< <F t , x ª q` as x ª ` .
w x 1 .uniformly for a.e. t g 0, T . Then there exist b g L 0, T and a subadditi¨ e
function G: R N ª R, that is,
G x q y F G x q G y .  .  .
for all x and y in R N, such that
G x q b t F F t , x .  .  .
N w xfor all x g R and a.e. t g 0, T , and
< <G x ª q` as x ª ` .
and
< <0 F G x F x q 1 .
for all x g R N.
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 . < < w xProof. Since F t, x ª ` as x ª ` uniformly for a.e. t g 0, T , there
 .exists a positive integer sequence n such thatk
n ) 2nkq1 k
for all k g N, and
F t , x G k .
< < w x  .for all x G n and a.e. t g 0, T . From the assumption A , we obtaink
F t , x G yab t .  .
< < w xfor all x F n and a.e. t g 0, T , where1
< <a s max a x . .
< <x Fn1
 .  .Let b t s yab t y 1 and n s 0. Define0
G x s k .
<for n FN x - n , where k g N. Thenky1 k
G x q b t F F t , x .  .  .
N w xfor all x g R and a.e. t g 0, T , and
< <G x ª q` as x ª `. .
Because of n G k, we havek
< <0 F G x F x q 1 .
for all x g R N. At last, we prove the subadditivity of G. Let
< < < <n F x - n , n F y - nky1 k jy1 j
 4and m s max k, j , where k, j g N. Then
< < < < < <x q y F x q y - n q n F 2n - n .k j m mq1
Hence, we obtain
G x q y F m q 1 F k q j s G x q G y . .  .  .
Now we complete our proof.
CHUNLEI TANG468
 . 1Proof of the Theorem. Let u be a minimizing sequence of w on H .k T
From the Lemma and the Sobolev's inequality, we obtain
T T T2< <w u G 1r2 u t dt q b t dt q F t , u dt .  .  .  .  .ÇH H Hk k 2 k
0 0 0
T 1
q =F t , u q su t , u t dsdt .  .Ä Ä . .H H 2 k k k
0 0
T T2< < 5 5G 1r2 u t dt q C q C y u g t dt .  .  .Ç ÄH `Hk 1 0 k
0 0
1r2
T T2 2< < < <G 1r2 u t dt q C q C y C u t dt . .  .  .Ç ÇH Hk 1 0 2 k /0 0
Hence,
5 5u F C .Çk 3
By Sobolev's inequality, we have
5 5u F C .Äk 4
Moreover, we have
T T T
w u G G u t dt q b t dt q F t , u dt .  .  .  . .H H Hk k 2 k
0 0 0
T 1
q =F t , u q su t , u t dsdt .  .Ä Ä . .H H 2 k k k
0 0
T T
5 5G TG u y G yu t dt q C q C y u g t dt .  . .  .Ä ÄH `Hk k 1 0 k
0 0
G TG u y C q 1 q C q C y C C . . .k 4 1 0 4 5
From the coercivity of G, we obtain
5 5u F C .k 6
 . 1Therefore, u is bounded in H . Now by Theorem 1.1 and Corollary 1.1k T
w x  .  . 1in 1 , problem 1 , 2 has at least one solution which minimizes w on H .T
 .COROLLARY 1. Assume that F satisfies the assumption A and
< <F t , x ª q` as x ª ` .
w x  .  .uniformly for a.e. t g 0, T . Then problem 1 , 2 has at least one solution
which minimizes w on H 1.T
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 .COROLLARY 2. Assume that F satisfies the assumption A and
< <F t , x ª q` as x ª ` .
w x 1 N . T  .uniformly for a.e. t g 0, T and e g L 0, T ; R satisfies H e t dt s 0.0
Then problem
w xu t s =F t , u t q e t a.e. on 0, T .  .  . .È
u 0 y u T s u T s 0 .  .  .Ç
has at least one solution which minimizes w on H 1.T
w xRemark. Corollary 1 was first proved by 2 with another method.
w x w xBased on 2 , Mawhin and Willem 1 obtain Corollary 2. There exists a
function satisfying our conditions and not satisfying the ones of Berger and
Schechter or Mawhin and Willem. For example, let
2 w x NF t , x s ln x q 1 t g 0, T and x g R .  .1
and
1¡ 2 < <w xy x q 1 sin 2p trT , t g 1, T and x F 1 .  .~F t , x s 2 .2 ¢ < < < <w xy x sin 2p trT , t g 0, T and x G 1. .
1 .  .  . < <  .Then F t, x s F t, x q F t, x ª y` as x ª ` for t g 0, T .1 2 2
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